TA Session for Econometrics |1 2025

6: Panel Data analysis

Jukina HATAKEYAMA

The University of Osaka, Department of Economics

November 20, 2025

TA Session for
Econometrics |l
2025

Jukina
HATAKEYAMA

1/20



TA Session for
Econometrics |l
2025

Jukina
HATAKEYAMA

@ Revision — Kronecker Product

@ Panel Data Models via the Kronecker Product

© Panel Data Models

2/20



@ Revision — Kronecker Product

@ Panel Data Models via the Kronecker Product

© Panel Data Models




Kronecker Product: Definition

Kronecker Product:
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Kronecker Product: Simple Example
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Kronecker Product: Useful Properties

® Mixed-product property
(A® B)(C ® D) = (AC) ® (BD)

® Transpose
(A B)' =AT® BT

* Inverse (ARG E
(A B '=A"1eB™!
* Eigenvalues A D[EHEZ \;, B OFEAEEZ u; 35k

Aip; 2 A ® B DEHE
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Panel Data Structure and Kronecker Product Notation ey

2025

Jukina
. . 5 o0 . HATAKEYAMA
Consider a balanced panel with N individuals observed over T periods. Let ;¢

denote the outcome and x;; the k-dimensional covariate vector.

Stacking observations yields Panel Data Models

via the Kronecker
r 7 Product
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Define the block-diagonal regressor matrix using the Kronecker product:
X = IN ® X’ia Panel Data Models
via the Kronecker
Product
where =
i1
X;i=1:
-
TiT

This notation provides a compact way to express common panel estimators.
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Pooled OLS Model

The pooled OLS model assumes a common intercept and constant slope
parameters:
=
Yit = o+ x40 + Ui

Stacking all observations yields
y=in7a+ XB + u.
The pooled OLS estimator is
Brots = (X' X) 7' X T (y — enrd),
with

. 1 .
o= WLET(:U — XfBpoLs)-

This approach ignores all forms of unobserved individual effects.
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Fixed Effects Model

The fixed effects model allows for individual-specific intercepts:

Yit = i + T4 B + wig.

Let
D=1Iy®ur,

so that
y=Da+ X3+ u.

The within transformation removes «
M = Iy — (IN QT LTLT)

The estimator is then R
Bre = (X TMX)"1X T My.

The Kronecker product representation highlights the block-diagonal structure of

the transformation.
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Random Effects Model

The random effects model assumes
Yit = a+ 158 + ¢ + ua,

where ¢; is an individual-specific random component.
Let

c=(ciur,...,envr) ' = (In ® 1) ¥,

where ¢* = (c1,...,cen) .

The composite error is
vV =cC+u.

The GLS transformation involves the matrix

Q = o2InT + 02 (IN ® trig).
The random effects estimator is

Bre = (X TQI X)X IOy,

The Kronecker structure provides a compact expression for the covariance matrix

and the RE transformation.
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Summary of the Three Approaches

Pooled OLS:
y=tinTo+ X0+ u.

Fixed effects:
y=(Un@r)a+XB+u,  fBre=(X"MX)'XTMy.
Random effects:
y=inTa+ XB+ (IN ®tr)c” +u, Bre = (XTQIX)IXTQ™ Y.

The Kronecker product allows all three estimators to be written using a unified
matrix framework.
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Consider a balanced panel with N individuals and T time periods. For each
individual i =1,..., N and period t = 1,...,T, let y;; denote the outcome and
;¢ the k-dimensional covariate vector.

The total number of observations is NT'.

We start with the pooled OLS model, followed by fixed effects and random
effects.

Panel Data Models
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Pooled OLS Model

The pooled OLS model assumes
_ T
Vit = &+ x40 + wit.
The estimator is obtained by minimising
N T
> (it —a—zi8)°
i=1 t=1

The first-order conditions give

A N T -1/N T
ot — (zz) (zzxm _ ew) .

i=1 t=1 =1 t=1

The pooled estimator ignores individual-specific unobserved effects.

TA Session for
Econometrics |l
2025

Jukina
HATAKEYAMA

Panel Data Models

16 /20



0 Session for

leed EfFeCtS MOdel I;rc,.i‘)nometricsll
2025

The fixed effects model allows each individual to have its own intercept:
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Yir = 0 + T B + wiz

A common representation uses deviations from individual means. Define

T T
_ 1 _ 1
y’i — f g yitj = T E Tit- Panel Data Models
t=1 t=1

Subtracting individual means removes the individual intercept:
Yir — Ji = (Tt — &) B+ (wge — ).
The fixed effects estimator solves

) N T LN T
Pre = (Z > (@i — &) (it — xz‘)T> (

i=1 t=1 i=11

(zst — T5) (yir — %)) ,

1
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Yir = o + 2 8+ ¢; + wi,

where ¢; is a random individual-specific effect.

The composite error is

Panel Data Models
Vit = C; + Uit.

Let og and 05 denote the variances of ¢; and u;;. Define the quasi-demeaning
parameter
ag 1/2
=1 <03+T02> '

Yir — 0G; = (zi — 0%;) " B+ (uir — 0;).

The transformed model is
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The random effects estimator solves OLS on this transformed equation.

N T -1 N T Panel Data Models
Bre = | DD (wie — 02:) (wie — 02;) (zit — 0Zi) (yit — 07i)

i=1 t=1 i=1 t=1
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Pooled OLS:

Yir = o + 23 6+ wig.

Fixed effects:

T Panel Data Models
Yit = o + x5 + uir.

Random effects:
Yit = @+ :L“,Ttﬁ + ¢ + ug.

The three estimators differ in how they handle unobserved heterogeneity across
individuals.
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