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Course Information Session
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HATAKEYAMA

® |nstructor: Jukina HATAKEYAMA

® |nstructor’s lab: 510, Economics and Law Research Building
® Email: u868710a[a]ecs.osaka-u.ac.jp

® Room: Refer to CLE.

® Day and Time of Classes: Refer to CLE.

® Number of Classes: 5 or 6 sessions (90 minutes each)

All handouts will be uploaded on my website! after the final lesson.

Website: https://jukinahatakeyama.github.io/jhatakeyama/
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Introduction

Matrices are useful because they can efficiently represent and manipulate large

amounts of data, simplify calculations, and organise complex equations in a

compact form.

For example, in undergraduate econometrics, we consider the following linear

model:

fori=1,...

,N.

y; = Bo + Brxi1 + Baxio + - + BrTi Kk + U4

K
=Bo+ D BeTip + i

k=1
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Stacked Representation

When we stack these equations for i = 1,..., N, we obtain
Y1 1 z11 12 1K Bo U1
Y2 1 21 =22 To K b1 Ug
= . . . o
YN 1 zy1 N2 TNk ) \BK uN
This can be written more compactly as
y=XB+u,
where
XGRNX(K+1), BGRK+1-

y,uE]RN,

R denotes the set of real numbers.
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Dimension

Ifzis...

® 3 scalar, z € R.
This means that x is a real number.
Example: x =2 € R

® a vector, x € R™, where m is a positive integer.

This means that x has m elements.
Example:
1
r=12| eR?
3
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® a matrix, © € R™ where ¢ and m are positive integers.
This means that = has ¢ x m entries.
Example:

c R3X2

8

Il
W o
SR IS

Here, ¢ is the number of rows and m is the number of columns.
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General Representation of a Matrix St
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Let X be a matrix of dimension a x b. The element of X in the ¢-th row and
J-th column is denoted by z;;, where i =1,...,a and j =1,...,b. Then we v e
can write
Tl T2 -.. T1p
Y 21 T22 ... T2 c Raxb
ZTgl La2 --- Lab

Each element z;; represents the value in the i-th row and j-th column.

A vector can be viewed as an a X 1 matrix.
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A square matrix is a matrix with the same number of rows and columns. In Variots Matrices
other words, a matrix of size n x n is called a square matrix.

Example:

BN

I
N &~ =
co Ot N
O S W

This is a 3 x 3 square matrix.
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Symmetric Matrix S
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A matrix A is called symmetric if it is equal to its own transpose:

Various Matrices
AT = A
For a matrix A = [a;;], this is equivalent to
Qj5 = Qg for all Z,]

So the entries are mirrored along the main diagonal.
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Example of a Symmetric Matrix Math Revision
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]' 2 3 Various Matrices
A=12 4 5
3 5 6
This matrix is symmetric because
1 2 3
AT=[2 4 5]=4
3 5 6
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A matrix D € R™*"™ is called a diagonal matrix if all off-diagonal entries are zero: HATAKEYANA
d 0 0 ... 0
O d2 0 e 0 Various Matrices
D=0 0 dg ... 0
0 0 0 ... dy
Example:
300
D=0 5 0
0 0 7

Diagonal matrices are useful for matrix powers, eigenvalue problems, and

diagonalisation.
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|dentity Matrix Math Revision
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The identity matrix is a square matrix with 1s on the main diagonal and Os
elsewhere. It is denoted by I,,.

Various Matrices

o = O
= o O

The identity matrix satisfies
I,LA=Al,=A

whenever the multiplication is defined.
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A matrix A is called idempotent if

Various Matrices

Example:

Then
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Various Matrices

® A is symmetric if
® A is idempotent if
A% = A,

® The identity matrix is both symmetric and idempotent:
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Matrix Addition

If A and B are matrices of the same dimension m x n, then their sum
C = A+ B is defined entry by entry:

Cij = Aij + Bij.
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1 2 5 6 Matrix Addition
= = and Subtraction
A <3 4) B (7 8) s

(145 2+6) (6 8
A+B_<3+7 4+8>_<10 12)'

Then
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Matrix Addition
If A and B are matrices of the same dimension, then their difference C' = A — B and Subtraction

is defined by
Cz'j = Aij — Bl]
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1 2 5 6 Matrix Addition
= = and Subtraction
A <3 4) B (7 8) s

Then R —
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Properties of Matrix Addition

Let A, B,C € R™*"™. Then:
®A+B=B+A
® (A+B)+C=A+(B+C)
©A+0=A4A
OA-A=0
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The zero matrix is a matrix whose entries are all zero:
Matrix Addition

0 e 0 and Subtraction
0 ... 0

0 pu—
0 ... 0
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Scalar Multiplication
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Let A be an m x n matrix and ¢ a scalar. Then cA is obtained by multiplying
each entry of A by ¢

all a2 o Qlp Ccal ca12 ... CAin

a1 a2 co. Qop ca9g1 caono ... Caop Scalar Multiplication

A= , ] ) i = cA= ) ) .
Aml am?2 Amn Caml CAm2 ... COmn
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For matrices A, B of the same size and scalars ¢, d:
®c(A+B)=cA+cB
® (c+d)A=cA+dA
© c(dA) = (cd)A
01A=A

Scalar Multiplication
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Solve the following:
® Compute

® Verify

13\, (57 13 5 7

® Show that ¢(dA) = (ed)A for c =2, d =3, and
4 5
A= (6 7) |
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Matrix Operations Practice

Let

Compute:
® A+B
®B-A
e 34
O 2A+cB

Math Revision
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For two matrices A and B, the product AB is defined only when the number of
columns of A equals the number of rows of B.
If
A e R™X", B e R™P,
t h en Matrix Multiplication

AB € R™*P,

In matrix calculations, it is always important to check the dimensions first. The
dimensions must be compatible.
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Formula for Matrix Multiplication

If A e R™*"™ and B € R"*P, then

Yoh—1 @ikbpr Y op—q aikbr

I Y oh—102kbrr D op—q askbr

n n
D h=1 Omkbrl k=1 Gmikbr2
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> k=1 1kbrp
> k=1 @2kbrp

Matrix Multiplication

271321 Amk bk:p
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Example of Matrix Multiplication Math Revision
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6y

AB_ 15_1’_27 16+28 B 19 22 Matrix Multiplication
- \3:54+4-7 3-6+4-8) \43 50/

Then
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Properties of Matrix Multiplication

Let A, B, C be matrices of compatible dimensions and @ € R. Then:
® o(AB) = (0A)B
® (AB)C = A(BC)
® A(B+C)=AB+ AC
0 (A+B)C=AC+ BC
® In general, AB # BA
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For the identity matrix I,

I,A=AIl,=A
whenever the multiplication is defined.
Example:
1 0 3 4 Matrix Multiplication
Then

I, A= A.
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Transpose of a Matrix

The transpose of a matrix A, denoted by AT, is obtained by interchanging rows

and columns.
If Ais an m x n matrix, then A" is an n x m matrix.

ail ai2 e Aln ail a21

a1 a2 o a2n ai2 a2
A= . o . = AT =

aml Am2 ... Gmn Q1n A2n

am1
Am?2

Gmn
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Example of a Transpose

Let
1 2 3
a=(3 39
Then
1 4
AT =2 5
3 6

In some contexts, A’ is also used to denote the transpose.
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Matrix Representation of the Model

Consider again the linear model

K
i =Bo+ D Brik + Ui

k=1
Let

Ti1 B1

= |5 e, =]

Ti K Bk

Then the model can be written as
- T ,
yz—BO‘i‘xi B+uza

where ] 8 = S5, Brwi.
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K
€ R™.
Transpose of a
Matrix
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Properties of the Transpose

For compatible matrices A, B, scalar «, and vector z:
(1) (AT)T —A
® (aA)T =aAT
®© (A+B)T =AT +BT
O (AB)" =BTAT

T, n 2
@r =), 17;
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A Useful Example

an

So the rows of A become the columns of AT.

Math Revision
Session

Jukina
HATAKEYAMA

Transpose of a
Matrix

41/56



Why is X T X Symmetric?

Let X be an n x k matrix. Then X " is a k x n matrix.
We want to show that X T X is symmetric:

XTX)"=Xx"X.

Using (AB)T = BT AT,

XTX)T=x"Tx"HT=XxTXx.

Therefore, X T X is symmetric.
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@ Inverse Matrix
Determinant of a Matrix
Inverse Matrix

Math Revision
Session

Jukina
HATAKEYAMA

Inverse Matrix

43/56



Determinant of a Matrix

The determinant is a scalar value computed from a square matrix.

® For
a b
A_<c d>’ det(A) = ad — be.
® For
a b ¢
A=1|d e f],
g h i

det(A) = a(ei — fh) — b(di — fg) + c(dh — eg).
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Properties of the Determinant

For a square matrix A:
© If det(A) =0, then A is singular and does not have an inverse.
@® If det(A) # 0, then A is non-singular and has an inverse.
© det(]) = 1.
O det(AB) = det(A) det(B).
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The inverse of a matrix A, denoted by A~!, is the matrix satisfying
AAT =A"1A=1
A square matrix has an inverse if and only if

det(A) # 0.
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What Does the Existence of A~! Mean? Mt Rt
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If A—1 exists, then the linear transformation by A can be undone:
ATA=AA"1=1.

So A1 is not just “division by a matrix”. It is the matrix that reverses the
transformation represented by A.

If A=1 does not exist, then some information is lost and the original vector
cannot always be recovered uniquely.
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If Ais a square matrix with det(A) # 0, then
A= 1 _adia)
det(A) ’
where adj(A) is the adjugate matrix.
For a 2 X 2 matrix
a b
we have
1 d 7b I Mat
-1 .
= fad— .
ad—bc(—c a)’ LGS g
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Let
2 1
()
Then
det(A)=2-4-1-3=5.
Hence,

14 -1
_1_7
4 _5<—3 2)' _
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Matrix Types: Definite and Semi-Definite

For a symmetric matrix A € R™*"™, the sign of the quadratic form
z! Ax
is important.

® Positive definite:
T Az >0 for all z # 0

® Positive semidefinite:

x Az >0 for all x

Negative definite:
2T Az <0 for all z # 0

* Negative semidefinite:

x Az <0 for all x

Indefinite: = Az can take both positive and negative values.
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A symmetric matrix A € R"*" is called positive definite if

z Az >0  forall z #0.

z Az >0 for all x,
then A is called positive semidefinite.

Matrix Types
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How Can We Check It? Math Revson
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There are several ways to check whether a symmetric matrix is positive definite.
e Directly from the quadratic form: compute =" Az and check whether it
is always positive for x # 0.
® Eigenvalues: A is positive definite if and only if all eigenvalues of A are
positive.
® Leading principal minors: for a symmetric matrix, A is positive definite if
all leading principal minors are positive.
For 2 x 2 matrices, these checks are often simple. S
atrix Types
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Example: A 2 x 2 Matrix

Consider

For x = (x1,22) ",

2 1
x Ar = (xl xz) <1 2) (2) = Qx% + 22179 + 233%.

We can rewrite this as
2?4+ (2 +22)2 422> 0

Therefore, A is positive definite.

for all z # 0.
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For a symmetric matrix

A is positive definite if
a>0 and det(A) = ac — b* > 0.

This is a special case of the leading principal minor condition.

Matrix Types
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Why is a Positive Definite Matrix Important? M Geson
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® A positive definite matrix is always invertible.

e Since z" Az > 0 for all = # 0, it plays an important role in quadratic
optimisation.

® In econometrics,
B=(X"X)"'X"y
requires X | X to be invertible.

® |n statistics, covariance matrices satisfy
a'Ya = Var(a' X) > 0.

Matrix Types
Therefore, positive definite and positive semidefinite matrices play an important

role in linear algebra, statistics, and econometrics.
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