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Solving a System of Linear Equations with Matrices

Step 1: Write the system in matrix form

Consider
20 +y =5,
3xr + 4y = 6.
This system can be written as
Ax = b,

where
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If A=! exists, then
ATA=AA"1=1T.

This means that the linear transformation by A can be undone.

e A transforms z into Ax.
e A~! transforms Az back into z.
® So A~ is not just “division by a matrix”.
® |t is the matrix that reverses the transformation represented by A.
If A=! does not exist, then some information is lost, and the original vector

cannot always be recovered uniquely.
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Solving the System using the Inverse Matrix

Step 2: Use A~}
If A is invertible, then

x=A"'b.
For
a=(2)
we have
det(A)=2-4—-1-3=5#0.
Hence,
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Step 3: Compute A~ 'b

Therefore,
3 <14/5> - 2.8)

7/4



Cramer’s Rule

For a square system
Ax =Db,

if det(A) # 0, then each variable can be written as

det(A;
,, det(d)

det(A)’
where A; is the matrix obtained by replacing the i-th column of A with b.
Remark:

® Cramer's Rule is useful for small systems.

® For large systems, matrix methods such as Gaussian elimination are more
practical.
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Example of Cramer’s Rule

Consider
r+y+z2=06,
2z + 3y + z = 14,
3z +y+ 2z =10.
Then
111 x
A=12 3 1], x=\|y|,
31 2 z

We first compute det(A).
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Computing the Determinant

det(A)=1(3-2—-1-1)—1(2-2—1-3)+1(2-1—3-3)
=1(6-1)—1(4—3)+1(2-9)

=5—-1—-7=-3.

Since det(A) # 0, the system has a unique solution.
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Replacing the Columns

The matrices for Cramer’s Rule are

11
A, =14 3 1|, 4,=
12

10

Their determinants are

det(A;) = —4, det(Ay)
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1 1 6
A, =12 3 14
3 1 10

det(A,) = —4.

11/41



Math Revision

Final Solution by Cramer's Rule S

Jukina
HATAKEYAMA

Simultaneous
Equations

Using
det(Ai)
Ty = ’
det(A)
we obtain
4 4 _—10 10 -4 4
TT3Ty YT T3 T 373
Therefore,
4 10 4
€r = — = —_— 7h = o
37 YT 3
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Matrix Differentiation

In econometrics and statistics, matrix differentiation is important because many
objective functions are written in matrix form.

Examples include:
® |east squares,
® maximum likelihood,
® quadratic forms,

® optimisation problems with vectors and matrices.

Today, we focus on derivatives with respect to a vector, since this is what we
need for OLS.
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Let f(x) be a scalar-valued function of HATAKEYAMA
I
€2 Matrix
98 = (- Rn Differentiation
In

The gradient of f(xz) with respect to x is

of(z)
ox

0f(x)
Vef(z)=| 77

8/ (x)
OTn

It gives the direction of the steepest increase of the function.
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Some Useful Derivatives
Let a € R?, x € R"®, and A € R™". Then:

0
%(GT.%) =a,
aax(a:Ta) = a,
9 . T T
%(x Az) = (A+ A )z,

If A is symmetric, this becomes

i(xTA:r) = 2Ax.

Also, .
p (z7z) = 2.
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Derivative with Respect to a Matrix

Let A = (a;;) € R™*", and let f(A) be a scalar-valued function of A.

Then the derivative of f(A) with respect to A is the matrix

of(a) ... 9f(4)
8f<A) _ a0:11 . aa.ln
e ofA) . af(A)
dam1 Oamn
For example, if
fA) =t(ATA) =D a3,
i=1j=1
then o (4)
o4 T4
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Chain Rule

The chain rule extends naturally to multivariate functions.

Suppose that f(g(x)) is a composite function. Then we differentiate the outer
function and multiply by the derivative of the inner function.

In matrix notation, this idea is often written using gradients or Jacobian

matrices.

In this lecture, we mainly use the chain rule when differentiating quadratic

functions such as

(y—XB) (y — XB).
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A Simple Example of the Chain Rule

Let
u(x) = Az — b,
and define
f(@) =u(z) "u(z).
Then

f(z) = (Az — b)T (Az — b).

Using the chain rule and the derivative of a quadratic form, we obtain
Vof(z) =2A" (Az —b).

This type of calculation appears frequently in least squares problems.
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In ordinary least squares (OLS), we estimate 3 by minimising the sum of squared TR A
residuals.

For observation z,
-
Y = x; B+ &,

where
Ordinary Least

Squares

® y; is the dependent variable,
o 1, € R is the regressor vector,
® 3 € R* is the coefficient vector,
® ¢, is the error term.

The OLS estimator solves

n
mﬁin Z(yz —xz; B)%
i=1
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OLS in Matrix Form

Stacking all observations, we write
y=XB+¢,

where
y,e € R", X € R™*F, B € R,

Then the objective function becomes

min |y = XB* = min(y - X8)" (y — X5).

This is a quadratic minimisation problem in .
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Expanding the Objective Function U R
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Define
Q(B) = (y —XB) (y — XB).
Expanding,

Ordinary Least

Q(ﬁ) = yTy - 2,BTXTy —|— IBTXTXIB Squares

So we only need derivatives of:
® 3 linear term ﬁTa,
® a quadratic term 3T AB.
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Differentiating the OLS Objective

Using
and
0
B
we obtain
VsQ(B)

because X "X is symmetric.

0
B

(ﬁTa) =a

(B'AB) = (A+A")B,

2X Ty +2X X3,
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First-Order Condition

Setting the gradient equal to zero gives

VQ(8) =0

and hence
—2XTy +2X"X3 = 0.

Therefore,
X'Xg=X"y.

This is called the normal equation.
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OLS Estimator

If XX is invertible, then the solution is
B=X"X)"1XTy.
Important:

e XX is invertible when the columns of X are linearly independent.
® So rank is important here: if rank(X) < &, then X "X is singular.

This is one of the most important applications of matrix algebra in econometrics.
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Gradient, Jacobian, and Hessian

These three concepts are all based on derivatives, but they are used for different
types of functions.

e Gradient: derivative of a scalar-valued function with respect to a vector.
® Jacobian: matrix of first derivatives of a vector-valued function.

® Hessian: matrix of second derivatives of a scalar-valued function.
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Gradient
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If f(z) is a scalar-valued function of x € R", then its gradient is
of
ox
of
Vof(z) = | %=
ﬁ Gradient,
81‘n Jacobian, and
Hessian
Example: If
f(z) =a" Az
and A is symmetric, then
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Jacobian

If

then the Jacobian matrix is

Jp(z) = @

Ofm
Ox1

It collects all first-order partial derivatives of a vector-valued function.

r eR",

Ofm
Oxy,
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If f(x) is a scalar-valued function of x € R", then the Hessian matrix is
Lol A <
8:(:% 0x10Tn
»f . _0f
H ) = 85028931 8$28$n . Gradient,
f( ) 5 : Jacobiai, and
8 . Hessian
o ... 2f
Oxn 01 ox2

and is useful in optimisation.

It describes the curvature of the function
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To derive the variance of the OLS estimator, we usually assume:
* y=Xp+te,
® Ele| X]=0,
® Var(e | X) = o21,.

The last assumption means:

Variance of the

® the error variance is constant; QLS [Zsiflietier

® the errors are uncorrelated across observations.
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Recall that
B=(XTX)"'XTy.

Since y = X3 + ¢, we have
B=(XTX)'XT(XB+e) =8+ XTX) X Te.

Variance of the

Therefore, OLS Estimator

B—B=(XTX)'XTe.
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Variance of the OLS Estimator
Using
B-B=(XTX)"XTe,

we obtain
Var(8 | X) = Var((XT X)X e ‘ X).

Since (X TX)7'X T is non-random conditional on X,

Var(B | X) = (X TX)' X T Var(e | X)X (X TX)"L.

If Var(e | X) = 021, then

Var(f | X) = o?(X TX)7L.
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What Does This Mean?

The covariance matrix
Var(f | X) = o?(X TX)™*
tells us how precisely the OLS estimator is estimated.

® The diagonal elements are the variances of each component of A.
® The off-diagonal elements are the covariances between components.

® Smaller variances mean more precise estimates.

So the covariance matrix is essential for:
® standard errors,
® confidence intervals,

® hypothesis testing.
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Estimating the Variance in Practice

In practice, 0% is unknown, so we estimate it by
.9 £T¢
6° = ,
n—=~k
where
E=y—Xp.

Then the estimated covariance matrix of ﬁ is

Var(3 | X) = 63X TX)~.

The standard error of Bj is the square root of the j-th diagonal element of this

matrix.

Math Revision
Session

Jukina
HATAKEYAMA

Variance of the
OLS Estimator

38/41



Gradient and Hessian of the OLS Objective

Recall the OLS objective:

Define the gradient by

Then

Define the Hessian by

Then

1

QB) = 5y = XB) (v - XB).

HB) =X"X.
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Connection with the OLS Estimator

The first-order condition is

9(B) =0.
Using
9(8) = —X Ty + X X5,
we obtain
XTX8=XTy.
Hence,

B=(XTX)"'XTy.

So the gradient g(3) determines the first-order condition.
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Connection with the Covariance Matrix

The Hessian is

HB) =X"X.
Therefore,
Var(8 | X) = o*(X"X)™' =o?H(B)™".
So:
® g(5) is used to derive the estimator;
® H () describes the curvature of the objective function;
e H(p) also determines the precision of 3.
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